The crossing number cr(G) of a graph G is the minimum number of crossings over all drawings of G in the plane. In 1993, Richter and Thomassen [RT93] conjectured that there is a constant c such that every graph G with crossing number k has an edge e such that cr(
Introduction
The crossing number cr(G) of a (simple) graph G is the minimum possible number of crossings in any drawing of G in the plane. A famous result of Ajtai et al. [ACNS82] and Leighton [L84] states that if G is a graph with n vertices and m ≥ 4n edges, then It is well known that for every positive integer k, there is a graph G and an edge e of G such that cr(G) = k but G − e is planar. In 1993, Richter and Thomassen [RT93] conjectured that there is a constant c such that for every nonempty graph G with crossing number k, there is an edge e of G such that cr(G − e √ k cr(G) − O(1). Salazar [S00] proved that for every graph G with no vertices of degree 3, there is an edge e of G such that cr(G − e
We prove the following theorem, which, combined with Inequality (2), improves on the Richter ) ≥ k − c . They showed only that G always has an edge e with cr(G − e) ≥ 5 ) ≥ cr(G) − O(1).
2
Thomassen result for graphs with n vertices and m ≥ 10.1n edges.
Theorem 1 For every connected graph G with n vertices, m ≥ 1 edges, and every edge e of G, we have n cr(G − e) ≥ cr(G) − 2m + + 1.
2
By Inequality (1), Theorem 1 confirms the Richter-Thomassen conjecture for dense graphs, that is, for graphs with Ω(n 2 ) vertices. Moreover, Theorem 1 implies that deleting any edge from a dense graph G reduces the crossing number by at most O( � cr(G)). The following theorem demonstrates that for every graph G that is not too sparse, we can delete a constant fraction of the edges of G such that the the crossing number of the remaining subgraph is at least a constant fraction of the crossing number of G. G � Theorem 2 For every � > 0, there is a constant n 0 depending on � such that if G is a graph with n > n 0 vertices and m > n 1+� edges, then G has a subgraph G � formed by deleting at least (
To prove Theorem 2, we derive in Section 4 a lower bound on the crossing number that improves on Inequality (1) for graphs with highly irregular degree patterns. Theorem 1 is proved in Section 3 and Theorem 2 is proved in Section 2.
Drawing edges with the embedding method
We use the embedding method along the lines of Leighton [L83] , Richter and Thomassen [RT93] , Shahrokhi et al. [SSSV97] , and Székely [S04a] . The embedding method generates a planar drawing 
(G). A first category crossing arises infinitesimally close to a crossing in D(H). A second category crossing arises infinitesimally close to a vertex in D(H).
Before we prove Theorem 2, we illustrate the embedding method with a bound on the minimum decay of the crossing number after deleting one edge. This improves on the Richter-Thomassen bound for graphs with m ≥ 7.66n edges.
Proposition 1 For every connected graph G with n vertices and m edges, there is an edge
The proof of Proposition 1 follows immediately from Proposition 2 and Lemma 1 below. Nag amochi and Ibaraki [NI92] proved the following lemma, which is a slight variant of Mader's theorem, and shows that every graph with n vertices and m edges has a pair of adjacent vertices with at least 
Proof: Let D be a drawing of G − e in the plane with cr(G − e) crossings. Let P 1 , P 2 , . . ., P p be p edge-disjoint paths between v and w. Consider the drawing D j of G in the plane that respects the drawing D of G − e and the edge e follows infinitesimally close to the path P j between v and w with all loops (and self-crossings) deleted. Let k j be the number of first category crossings in D j . Since the paths P 1 , P 2 , . . ., P p are edge-disjoint, the drawings D 1 , D 2 , . . ., D p of G jointly have at most two first category crossings at each crossing of D: at most two crossings between edges of G − e and different drawings of e, as depicted in Figure1(a). Hence,
Therefore, there is an index j,
Figure 1: Drawings of edge e along two edge-disjoint path P j and P j may give two first category crossings at a crossing of D (a). If a path P j traverses a vertex u (b), then the edge e drawn along P j can choose between two possible routes around u (c-d).
At each internal vertex u of a path P j , the drawing of e in D j can take two possible routes, as depicted in Figure 1 (c-d) . The two possible routes have a total of deg(u) − 1 second category crossings at u. We draw e along the route with fewer second category crossings, and so there are 
crossings. 2
The following theorem establishes Theorem 2 for all graphs with n vertices of degree
For graphs that do not satisfy this condition, we alter the proof
utilizing Lemma 3 in Section 4. 
1+
1 edges contains a cycle of length 2r. This implies that for 0 < � < 1, there is a positive integer r satisfying 1 < r ≤ 2 so that every sufficiently large graph G with m > n 1+� edges contains a family C of edge-disjoint cycles of length 2r that cover at least half of the edges of G. Let G � be a subgraph of G formed by deleting an arbitrary edge e j from each cycle C j ∈ C. The remaining edges of cycle C j form a path P j . Hence, the number of edges of G \ G � is at least 8 m. Let us denote the vertices of G by v i , i = 1, 2, . . . , n, such that the degree of
which is the number of edges incident to v i in G \ G � . Consider a drawing D of G � in the plane with cr(G ) crossings. We generate a drawing D of G based on D � by applying the embedding method. In particular, for every edge e j of cycle C j ∈ C, we draw e j along the path P j . Since the paths P j , j ∈ C are edge-disjoint, D has at most 4 crossings at every crossing of D . The total number of crossings of D and first category crossings of D is at most 4cr(G ).
Next we estimate the number of second category crossings. Each of the h i edges incident to 
Summing over all vertices, we have at most
Hence, we have 3 
If we apply the embedding method to draw graph G based on the drawing of G � with cr(G � ) crossings and drawing each e j along P j , we obtain
Hence, we have cr
3 Deleting one edge
In this section, we prove Theorem 1. Suppose G is a simple connected graph, e = (v, w) is an edge of G = (V, E), and D is a drawing of G − e with cr(G − e) crossings. We may further suppose that v and w are in the same component of G − e since otherwise cr(G − e) = cr(G). Two components can be drawn in two disjoint halfplanes such that v and w are on the outer face in either; then v and w are in the same face of the union and so one can add the edge vw without crossings. Let C denote the set of crossings in the drawing D. We define a planar graph H = (W, F ) on the drawing of G − e. The vertex set of H is W = V ∪ C and two vertices are connected by an edge if they are consecutive vertices along (the drawing of) an edge of G − e. An example, where G is the Petersen graph, is depicted in Figure 2 Figure 2: Two drawings of the Petersen graph (a-b) and the planar graph corresponding to the second drawing (c).
For every path P = (p 1 , p 2 , . . . , p k ) in H, we define the weight w(P ) to be the sum of the weights of its internal vertices w(P ) = � k−1 i=2 w(p i ). Let P e be a minimum weight path between v and w. We may assume that P e is a simple path, since removing loops strictly decreases the weight. We generate a drawing D � of G based on the drawing D of G − e by adding the edge e infinitesimally close to the path P e . Figure 3 : A path approaching a crossing can traverse it in three different ways depending on its destination.
In Figure 3 , we specify how the drawing of e traverses a crossing in D along P e . At each crossing of D that P e traverses, e has at most one new first category crossing. We now show that e has at most one first category crossing with every edge of G − e. Suppose that e and an edge e � ∈ G − e have more than one first category crossings in D . This means that the path P e has at least two crossings with e in D. Consider two consecutive crossings of P e and e � . There are two ways as two simple curves can cross twice, as depicted in Figure 4 (a-b). Since P e has minimal weight, we can redraw e � so as to have a drawing of G − e with fewer crossings than in D, contradicting that D has cr(G − e) crossings. This redrawing of e � is depicted in Figure 4 (c-d). We have shown that our drawing of e has at most m − 1 first category crossings with edges of G − e. We have yet to specify how edge e is drawn around vertices of G − e along P e . There are two possible routes that P e might take at each vertex u of G − e, as shown in Figure 1 
